
GENERATION OF HIGHER ELECTRON CYCLOTRON 

FREQUENCY HARMONICS IN PLASMA WITH A BEAM 

M. A. Livshits 

We examine  non l inea r  exc i ta t ion  of the h ighe r  e l e c t r o n - c y c l o t r o n  f r equency  h a r m o n i c s  for  
waves  p ropaga t ing  p e r p e n d i c u l a r  to an ex te rna l  un i fo rm magne t i c  f ield in a Maxwell  p l a s m a  
fo r  the case  of l ow-de ns i t y  e l ec t ron  beam p a s s a g e  th rough  the p l a sma .  It is shown that  the 
non l inea r  exci ta t ion  m e c h a n i s m  leads to the poss ib i l i ty  of gene ra t ing  cyc lo t ron  h a r m o n i c s  
f o r  p l a s m a  p a r a m e t e r s  f o r  which gene ra t i on  does not o c c u r  f r o m  the l i nea r  t heo ry  v iew-  
point.  The non l inea r  c y c l o t r o n  h a r m o n i c  gene ra t ion  i n c r e m e n t s  a r e  ca lcu la ted  fo r  non-  
l i nea r  s c a t t e r i n g  by the b e a m  and p l a s m a  e l ec t rons  of the high f r equency  longitudinal  waves  
exci ted  in the p l a s m a  by the b e a m .  

Study of electron gyrofrequency harmonic propagation is of interest, first of all, for cyclotron heating 
of plasma, the radiation of cyclotron harmonics by nonequilibrium plasma, and for their interaction, with 
other types of waves. Because of the absence of Lm~dau damping for such waves when they propagate per- 
pendicular to the external magnetic field, the energy contained in such waves may be very large, and all 
possible nonlinear interactions with participation of these waves become quite important. Therefore, we 
should examine the possibilities of both linear and nonlinear excitation of such waves. Nonlinear genera- 
tion of electron cyclotron harmonics in a plasma with current was examined in [I]; also presented there 
are references to experimental studies. On the other hand, generation of electron gyrofrequency harmonics 
has been observed in a plasma when passing a low-density electron beam through it (for example, [2]). In 
the present paper we examine a possible nonlinear mechanism for such generation. The linear mechanism 
fo~ excitation of such waves developed in several papers (for example, [3-5]) leads to, limitations on the 
beam and plasma parameters. The excitation of quasilongitudinal electronic cyclotron waves is examined 
in [3, 4] under the assumption that the electron velocity distribution function has the form 

f (VL, wll) ~ ~ 6 (v.i - -- Vo./) 6 (vii -- v o [I ) 

and in [5], a long with the d i s t r ibu t ion  in the f o r m  of the  del ta  function,  t h e r e  a r e  background  e l ec t rons  with 
Maxwel l ian  d i s t r ibu t ion  funct ion.  

E s s ent ial  fo r  the  poss ib i l i ty  of gene ra t ion  is that  the t r a n s v e r s e  ve loc i ty  d i s t r ibu t ion  funct ion be n o n - M a x -  
well ian;  i n c r e a s e  of the t r a n s v e r e  ve loc i ty  sp read  leads to s tab i l iza t ion  [4]. In all  c a s e s  t h e r e  is a lower  g e n e r a -  
t ion t h r e sho ld  r > 1 (~L = (47re2N/me)1/2 is the e l ec t ron  L a n g m u i r  f r equency ,  a = [ e I H / m e c  is the e l ec t ron  
cyc lo t ron  f requency) ,  depending on the cyc lo t ron  h a r m o n i c  number ,  and a l so  in the p r e s e n c e  of Maxwel l ian e l e c -  
t r o n s  (we shal l  t e r m  them the p l a s m a  p r o p e r  in con t r a s t  with the b e a m  with del ta  funct ion dis t r ibut ion)  on the ra t io  
of the dens i t i es  and c h a r a c t e r i s t i c  ve loc i t i e s  of the beam and p l a s m a  [5]. F o r  each  value  of q =WL/~ above the 
t h r e sho ld  t h e r e  a r e  r anges  of va lues  of k = k~v0• (where k I is the wave n u m b e r  of the e l ec t ron  cyc lo t ron  wave) in 
which t h e r e  is no gene ra t ion  (speci f ica l ly ,  in all c a s e s  t h e r e  is no gene ra t ion  for  k < 1). The nonl inear  exci ta t ion  
m e c h a n i s m  exam ined below leads to the poss ib i l i ty  of gene ra t ion  of both quas i longi tudinal  and o r d i n a r y  and e x t r a -  
o r d i n a r y  e l e c t r o n  cyc lo t ron  waves  dur ing s c a t t e r i n g  by the p l a s m a  and beam e l ec t rons  of the  quas i longi tudinal  

Moscow.  T r a n s l a t e d  f r o m  Zhurna l  P r ik ladno i  Mekhaniki  Tekhnicheskoi  F iz ik i ,  Vol. 10, No, 6, pp. 
40-51,  N o v e m b e r - D e c e m b e r ,  1969. Or ig ina l  a r t i c l e  submi t ted  Oc tobe r  16, 1968. 

01972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West I7th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $I5.00. 

875 



h igh - f r equency  waves  excited in the p l a s m a  in the  magne t i c  field by the low-dens i ty  e l ec t ron  beam n i << n o 
(nt is the beam dens ity, n o is the p l a s m a  densi ty) ,  whose  ve loc i ty  exceeds  the phase  ve loc i ty  v F of these  waves  
[6, 7]. This  gene ra t ion  o c c u r s  even fo r  Maxwell ian d i s t r ibu t ion  of the t r a n s v e r s e  b e a m  ve loc i t i e s  in the 
case  of c o r r e s p o n d i n g  longi tudinal  b e a m  ve loc i t i e s .  Genera t ion  can o c c u r  in both dense  q >> 1 and non-  
dense  q << 1 p l a sm a .  The r anges  of va lues  of the p a r a m e t e r  # i  = (kive/~)~ a r e  d e t e r m i n e d  by the  c l o s e n e s s  
of the gene ra t ed  f r e q u e n c y  ~L to the h a r m o n i c s  of the  e l e c t r o n  g y r o f r e q u e n c y  v0 ~ .  

1 .  B A S I C  E Q U A T I O N S  

Let  the  p l a s m a  and b e a m  e l ec t rons  be  c h a r a c t e r i z e d  by  Maxwel l ian d i s t r ibu t ions  

n o  _ _  v S  n I - -  (V - -  VO) ~ 
]0 (v)  = (2a),/~v------- ~ exp 2ve---- T , /01 (v) = ~ exp 2% ~ (1.1) 

Here  no, v e a r e  the dens i ty  and a v e r a g e  t h e r m a l  ve loc i ty  of t h e p l a s m a  e l e c t r o n s ,  nl, u e a r e  the s a m e  
quant i t ies  f o r  the b e a m ,  v 0 is the a v e r a g e  s y s t e m a t i c  ve loc i ty  of  the b e a m ,  and H 0 is the ex te rna l  cons tant  
and un i fo rm magne t i c  f ield.  We shal l  cons ide r  that  n 1 << no, and v 0 I[ Ho. 

F o r  suff ic ient ly  high beam ve loc i ty  v 0 > v F high f r e q u e n c y  longi tudinal  osc i l l a t ions  a r e  exci ted in the 
p l a s m a  with the f r e q u e n c i e s  [6| 

(o• ~' (0) = */~ (OL ~ + ~ )  ____-~/~ }f(C0L ~ + ~)~ --  40)L ~ r (1.2) 

H e r e  0 is the angle be tween the wave v e c t o r  k and the magne t i c  f ield H 0. In de r iv ing  (1.2) the p l a s m a  
was a s s u m e d  cold,  i .e . ,  the condi t ions  w e r e  sa t i s f ied  

k l . S v e  ~" ~ - -  n O  ~ = ~ > ~ ,  ~. =t~-z;VC~ ~ (1.3) 

In the l imi t ing c a s e s  of p l a s m a  of v e r y  high and v e r y  low dens i ty  (q>> 1, q<<l),  we have f r o m  (1.2) 

o)+ ~ ~OL (1 + 1/2q~ si~ ~ O), co_ ~ Q sos 0 (q >/---- 1) (1.4) 

o + m D  (1 + q ~ / 2 s i n  s0), e)_m COL COS0 ( q - ~ t )  (1.5) 

The f o r m u l a s  f o r  r a r e  val id  to within t e r m s  of o r d e r  m e / m  i f o r  any angles  0; the f o r m u l a s  f o r  co  
a r e  val id  p rov ided  

l t /2  :~ - -  01>~ (m~ Im~)';~ (1.6) 

M o r e o v e r ,  s ince  co+ o r  co +-12 as 0---O, the fol lowing condit ion mus t  be sa t i s f ied :  

kv e q~ Ou 'n ~21i--qSl 

The non l inea r  equat ion d e s c r i b i n g  the  p r o c e s s  of induced s c a t t e r i n g  by the p l a s m a  and b e a m  e l e c -  
t r o n s  can be  obtained f r o m  semiquan tum ba l ance  a r g u m e n t s  [8] 

at -- /_~ .) wv (p~,, k, kx) .Nk'~Nk, '~" k~z ~ + -~s dpdk (1.7) 
rot 

H e r e  Nk ~ is the  n u m b e r  of quanta  of so r t  ~, w~ a'~ is the p robab i l i ty  of s c a t t e r i n g  of the wave ~ with 
m o m e n t u m  k by the  p a r t i c l e  o~ with m o m e n t u m  Po~ with t r a n s f o r m a t i o n  into the  wave ~' with m o m e n t u m  
k 1. Both the p l a s m a  e l e c t r o n s  and the b e a m  e l e c t r o n s  con t r ibu te  to the  s c a t t e r i n g  probabi l i ty .  However ,  
the beam cont r ibut ion  is on the o r d e r  of n l / n  0 << 1 of the p l a s m a  e l e c t r o n  cont r ibut ion ,  and t h e r e f o r e  we 
shal l  neg lec t  the beam cont r ibut ion  h e r e a f t e r .  However ,  f p  is the o v e r a l l  d i s t r ibu t ion  funct ion of the  b e a m  
and p l a s m a  e l e c t r o n s .  The e x p r e s s i o n  fo r  the  s c a t t e r i n g  p robab i l i ty  has  the  f o r m  

u,~ ~176 (p,  k ,  k , )  = 2 (2~)6(o, ~ ( k , )  ~ (o)~ - -  k ~ v ~  - -  ~ )  
I a--ao toss~ ~=~(k)-* ~aco tose~' I ~=%(k,) I a i * - *  (k) Aij (k, k,) aj (k,) 1~ • 

o)2 = o -- oi, ks = k -- k,, k = {k, (0} 
A~ (~, k,) ----Ad i) (k, k,) +nd ~) (a, a,) 

s ~ (k) ---- a~ (k) s~ (k) a t (k) + (ka (k)) (ka* (k)) cSco -* 

(1.8) 

(i.9) 
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Aij (k, kl) = [Si]s (k, kl, ~2) -~- Sjsj (k, k2, ]~l)]~s (k2) (1 .lo) 

H e r e  a (k z) is the unit po l a r i za t ion  v e c t o r  of the  wave ~, e o~, and ~ a r e  the cha rge  and cyc lo t ron  
f r e q u e n c y  of the pa r t i c l e  of so r t  ~,  the t e n s o r  Aij(i)(k, kt) is connec ted  with the p a r t i c l e  v ib ra t ions  in the 
wave  f ield (Compton sca t t e r ing) ,  and Aij(2)(k, k i) is connec ted  with the  s ca t t e r i ng  of the incident  wave by  
the s c r e e n i n g  cha rge  cloud (nonl inear  s c a t t e r i n g  p r o p e r ) .  The components  of the t e n s o r  Sijs(k , ki, k 2) a re  
found f r o m  the e x p r e s s i o n s  fo r  the non l inea r  c u r r e n t  in the p l a s m a  in a magne t i c  f ield [9], where  the  ion 
cont r ibut ion  is on the o r d e r  of m e / m  i of the e l ec t ron  concen t r a t ion  and can be neglec ted ,  and Hs/(k 2) is 
the i n v e r s e  Maxwel l ian o p e r a t o r  f o r  the k 2 wave.  The c u r r e n t  j(k 2) is d e t e r m i n e d  by  the  unpe r tu rbed  m o -  
t ion of the s c a t t e r i n g  p a r t i c l e  in the magne t i c  field 

e~ 
]~ (k) = ~ ~ 5 ((o - -  kzv ~ - -  v~) exp (-- ivq~)P~ (1.11) 

v• iv& 
F ~ : - - 5 - [ ] ~ ( l ~ •  47,l~-~(k• F v -7 - [ f , , - i ( kk r~ )e i~ - - J , , , ~ ( l~kr~ )e - i~]  

r z -- vJ~(k~r=) ,  r= = v •  sinqo = ku/k~ .  

The e x p r e s s i o n s  fo r  Aij(l) a r e  p r e s e n t e d  in [9]. 

In the p rob l e m  in ques t ion  s o m e  e x p r e s s i o n s  can be  s impl i f ied .  F i r s t ,  the coef f ic ien ts  Sij s in the 
quadr.atic t e r m  of the expans ion  of the non l inea r  c u r r e n t  in the in t e rac t ing  wave ampl i tudes ,  t h rough  which 
the s ca t t e r i ng  p robab i l i ty  is e x p r e s s e d ,  can be expanded into a s e r i e s  in # << 1 and fin -1 << 1, s ince  it is 
p r e c i s e l y  in this  app rox ima t ion  (cold p l a s m a  approximat ion)  tha t  Eqs .  (1.2) f o r  the  high f r e q u e n c y  longi -  
tudinal  osc i l l a t ions  in a m a g n e t i c  f ield w e r e  obtained.  This  expans ion  into s e r i e s  in e x p r e s s i o n s  fo r  Sij s 
c o r r e s p o n d s  to the expans ion  into a s e r i e s  in k v / ~  in the k inet ic  equat ion fo r  the e l ec t ron  d i s t r ibu t ion  func -  
t ion of the second  approx imat ion ,  f r o m  which the e x p r e s s i o n s  f o r  Sij s w e r e  obtained.  The app rox ima te  
e x p r e s s i o n s  fo r  the  non l inea r  c u r r e n t s  have the f o r m  

(0z i- 

Second, we can s impl i fy  the e x p r e s s i o n s  fo r  the  t e n s o r  sij(e)(k~) , where  k== { k=, o~ 2} is the v i r tua l  
wave .  In fact ,  co 2 =oo-~ol, k 2 =k-kl(co,  k a r e  the  f r e q u e n c y  and wave v e c t o r  of the high f r e q u e n c y  longitudinal  
wave,  and o)l, k i a r e  the f r e q u e n c y  and wave v e c t o r  of the e l e c t r o n  cyc lo t ron  wave % ~ u01"$. Since the ab -  
sence  of abso rp t ion  of the e l e c t r o n  cyc lo t ron  waves  by  the  t h e r m a l  p a r t i c l e s  in the p l a s m a  is a s soc i a t ed  
with the  p e r p e n d i c u l a r i t y  of t he i r  p ropaga t ion  with r e s p e c t  to the d i r ec t ion  of the ex te rna l  magne t i c  f ield 
(which was  taken  along the  z axis) ,  f o r  the v i r t ua l  wave k=z =k z. T h e r e f o r e ,  in the e x p r e s s i o n s  fo r  gij(e)(ka ) 
we can make  an expans ion  in the p a r a m e t e r  

Ik:~lv~ - -  l k ~ l ' ~  - -  i~ ~ j ~  ( 1 . 1 3 )  

by v i r tue  of (1.3) (the p r e s e n c e  of the s m a l l  c o r r e c t i o n  A : (01 - -  ~0 ~ ,  A ~ ~ does not a l t e r  the e s s e n c e  
of the  s i tuat ion) .  In this  approximati~an of the t e n s o r  e i j (k  2) (i, j =1,  2, 3) has  the f o r m  

: i - (1.14) 

k ~2 
7~ 

, - ~ - 2 / L  ~ 2~t~A~'(~) 
n 

Elf  = E21 '~ = i g  = 2 iB~ (o3~) An' (Ix2) (n ~ 2ip~ sin~2 cosT2 ) 

ea~ = t - -  Y ,  B ~  (co~) A =  ( ~ ) ,  81~ = eal  = e ~  = e3~ = 0 
n 

k ~v ~ dAn ~• e Bn = ~ 
An(~) : exp( - -~x2) In (~2) ,  A ~ ' =  d~7-~ ' ~ = - - - - 5  r o~(o~--n.Q) 
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H e r e  In(P2) is  the  m o d i f i e d  B e s s e l  funct ion .  

We note  that  e x p a n s i o n  in the  p a r a m e t e r  #2 is  not  a lways  p o s s i b l e ,  s i n c e  a l though /~<< 1 fo r  l o n g i -  
t ud ina l  waves ,  in the  g e n e r a l  c a s e  ~ <1, p i  > ] fo r  e l e c t r o n  c y c l o t r o n  w a v e s .  

The  e x p r e s s i o n  f o r  t he  i n v e r s e  M a x w e l l i a n  o p e r a t o r  d e s c r i b i n g  the  v i r t u a l  wave  k 2 in the  r >> 
I k2z I Ve a p p r o x i m a t i o n  has  the  f o r m  

4~ T~ (i, ] = 1, 2, 3) ( l .15)  

D = N~ ~ [e33 x~ + (cut 2 + e~2 (1 - -  t2))(l - -  x~)] - -  N~ 2{(t - -  x ~) [sue m 
_g2 _ erie33 (t - -  t 2) - -  sme3~t ~] -[- (e n -~ em)ea~} + (ene~ - -  g~)eaa 

T n = N 2  a ( l - - x ~ ) t  2 - N ~  ~ {e m ( i - - x  2) + e3a[l  - -  (1 - - x  ~) ( t - -  t2)]}-}-e~eaa 

2 r ~ : = T 2 ~ * = N 2  a (t - -  x ~ ) t l f i - - t  2 - N ~  2 {e3a (l - -  x~)t V i  - - t  ~ - i g X  ( i - - x ~ ) } - - i g s a a  

T~3 = T a ~ * =  N 2  : x ] /  i - x  ~ [ N ~ t  + ig ~ t  - -  t ~ - e2~t] 

Te2 = N~ a (1 - -  x 2) ( l  - -  t 2) - - N s  z {e11 (1 - - x  2) -~- e33 [ 1 - -  ( l  - -  x2) t2]}  -~Celle3a 

T:3  = [  T~2* ---- N ~  ~ x ] /  l - -  x ~ [ N ~  ~ ] / 1  - -  t 2 - -  e u  ]/-I  - -  t ~ - -  igt]  

r3~ = N ? x  2 - -  N~ ~ { ~  + ~2: - -  (1 - -  x ~) [ e~  ( l  - -  t ~) + %~t~]} + ~ 2 - -  g '  
(1.16) 

H e r e  

e ~ e ,~  (k2) , N2 ~ ~ k2~c ~ / o~ 2, x 2 __~ k2z2 /k~  ~, t ~ --_ k 2 ~ / k 2 •  2 ~_ cos 2 (p2. 

We s h a l l  now e x a m i n e  e x c i t a t i o n  of o r d i n a r y  and q u a s i l o n g i t u d i n a l  c y c l o t r o n  waves  in t he  c a s e  of 
n o n l i n e a r  s c a t t e r i n g  of the  w a v e s  (1.4) (1.5) by  the  b e a m  and p l a s m a  e l e c t r o n s .  

2 .  E X C I T A T I O N  O F  O R D I N A R Y  E L E C T R O N  C Y C L O T R O N  W A V E S  

The d i s p e r s i o n  equa t ion  fo r  o r d i n a r y  c y c l o t r o n  w a v e s  h a s  the  f o r m  (the d i r e c t i o n  of the  wave  v e c t o r  
k 1 is  t a k e n  a s  the  x ax i s )  

n l  2 e33 ( k l )  I 0)L:? C01 klec ~ 
. . . .  A: (~ti~) oi-----l~ ni2 : oi 2 (0i ~ , ~ (2.1) 

For the frequency a~ I close to v 0 ~, we have (ion motion may be neglected) 

ol - -  voQ ~ • q2 Yes ~ Pe 
v-~ ~-- -~[A~(Pl) ,  u---- -~-~PH--H (2.2) 

where ~ is the ratio of the gaskinetic and magnetic pressures. 

oh--l~ ~ ve ~ (l is an integer.) (2.3) 
0) 1 ~ C ~ 

l e a d s  to  the  f ac t  tha t  p r o p a g a t i o n  of o r d i n a r y  c y c l o t r o n  w a v e s  i s  p o s s i b l e  only in a d e n s e  p l a s m a  q >> 1 (for 
m o r e  d e t a i l  on t h i s  s e e  the  d i s s e r t a t i o n  of K. N. S tepanov,  K h a r ' k o v  Sta te  U n i v e r s i t y ,  1965). We s h a l l  p r e -  
s en t  the  r e s u l t s  of c a l c u l a t i o n s  of the  n o n l i n e a r  e x c i t a t i o n  i n c r e m e n t s  of  t h e s e  w a v e s  fo r  s c a t t e r i n g  of h igh  
f r e q u e n c y  l ong i t ud ina l  w a v e s  wi th  f r e q u e n c i e s  w=~o+ (1.4) by  the  p l a s m a  and b e a m  e l e c t r o n s .  

W e  s h a l l  e x a m i n e  two c a s e s .  

1. Long W a v e s ,  #l<< 1. F r o m  (2.3) fo l lows  a~L >>Vo~. In th i s  c a s e  #2 << 1, s i n c e  p << 1, and the  non -  
z e r o  c o m p o n e n t s  of the  t e n s o r  ei j(e)(k2) have  the  f o r m  

Ell  = E22 = "[ r ~ ~ ~ L  ~ OJL~ o~__~, ea3 : o,~ , g --  ~(o%_e~)  (2.4) 

Evaluation of the inverse Maxwellian operator shows that in this case scattering takes place basically 
through the virtual longitudinal wave. The condition for this will be the inequality N2 2 >> N2+ 2, IN2_2 , where 
N2+ 2, N2 _2 are roots of the equation D = 0. In the evaluation we used the conditions n 2= (kc/a~) 2 >> I (condition 
of quasilongitudinality of the k waves), and nl 2 = (kle/%i) 2 >> 1 follows from (2.1). The inverse Maxwellian 
operator takes the form 
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* ~ i  ~ ~ (k~)  = - -  (k~)  ( 2 . 5 )  

F o r  non l inea r  s c a t t e r i n g  of the wave with f r equency  c~=co+ we find, us ing (1.10)-(1.12), (2.4), (2.5) 

with account  fo rw  L >>v0 ~ 

A(~) (k, k~) = a~* (k) A~(:) (k, ka) a~ (kx) (2.6) 

= 2 (2n)~mevo~ ~ \ k~ ] COS 0 ~ 5 ((0~ - -  k~zv z - -  ~ )  dv (k~• exp i~q% 
v 

Compton  s c a t t e r i n g  is defined by the e x p r e s s i o n  

i ie ~ o) (2.7) 
A (x) (k, kl) ----- ai* (k) h{~(1) (k, kl) aj (kl) = (2:~)a me k o,)1 

F o r  

Compton  s ca t t e r i ng  is dominant .  
tained) 

vo~ ~ kx ~ kz2ue ~ 

The s c a t t e r i n g  p robab i l i ty  has  the f o r m  (the r e s o n a n t  t e r m  in h (0 is r e -  

?]3 g~'e ,)~-X2L 2 ~ 5 (to -- k~vz) ~ k.Lu sinS0 \ ] ~ - z  q (2.8) 

The nonlinear excitation increment of the ordinary electron cyclotron waves is given by the formula 

I - (2.91 7k, ~ 2 lZ2~ m~co~ ~ ~ sm 0 l v~ 2 

+ 

The  f i r s t  t e r m  is a s s o c i a t e d  with s ca t t e r i ng  by the p l a s m a  e l ec t rons ;  it is exponent ia l ly  smal l .  The 
second t e r m  is a s s o c i a t e d  with s c a t t e r i n g  by the  beam e l ec t rons .  The  buildup condit ion will  be  the p r e s -  
ence of longi tudinal  k waves  with negat ive  p ro jec t ion  kz;  o the rwise ,  the b e a m  in t roduces  addi t ional  damping  
(pr io r  to ini t iat ion of longi tudinal  waves  buildup in the d i rec t ion  of s m a l l e r  k), s ince  

kzvo ~> o)2 (2.10) 

This fol lows f r o m  the condi t ion kzv 0 > co [6] f o r  exci ta t ion  by the b e a m  of quas i longi tudina l  v ib ra t ions .  
However ,  buildup by waves  with nega t ive  k z is exponent ia l ly  smal l ,  s ince  the b e a m  s y s t e m a t i c  ve loc i ty  
v 0 > u e (without account  fo r  i n c r e a s e  of u e by quas i l i nea r  re laxa t ion) .  Buildup c y c l o t r o n  waves  is a lso  p o s -  
s ible  by longi tudinal  waves  with kzv 0 < co2 a f te r  s p e c t r a l  buildup of the ini t ial ly exci ted waves  with kzv 0 > co 
in the d i rec t ion  of s m a l l e r  k. This  o c c u r s  only fo r  s c a t t e r i n g  with f r e q u e n c y  reduc t ion  when co > co 1. The 
e s t i m a t e  of the m a x i m a l  gene ra t i on  i n c r e m e n t  has  the f o r m  

V'2-~ w '  n, Arc(P,'1)~-k)[k~\2q~ O)L~ 
Tklmax ~ " ~  noTe, ~ A ~o (L~I) v0Q 

( T , = m e u ~  W l =  S ( o W k ~ )  (2.11) 

H e r e  W l is the total  ene rgy  of the k waves .  However ,  if f o r  all  the quas i longi tudina l  waves  exci ted 
by the b e a m  (kzue/wt) 2 << 1, the i n c r e m e n t  7k~ with account  for  only the r e s o n a n c e  t e r m  in (2.7) is ex-  
ponent ia l ly  sma l l  

kzue exp ~ ( k t m a x  
~kl ~ (1) t 'i e 

With account  fo r  the r ema in ing  t e r m s  in (2.6), (2.7) Tkl ~ (col -- voQ)~ c0T2vo 4 of (2.11). 
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Now le t  us e x a m i n e  exc i t a t i on  of the  o r d i n a r y  c y c l o t r o n  wave  fo r  s c a t t e r i n g  of a l ong i tud ina l  wave 
with  f r e q u e n c y  c0=co_; A (2) is  g iven  by  the  e x p r e s s i o n  

{ kl~ ro~, 2 k~_~:,),, ( . co) t ie~k~ i §  k~-- v ~ §  k ~ + ~ k  u ~ -  
A (2) ~ (2g)8 m e k ~  (012 

x Y ,~ (,o~ - k~,.,. - , ,~) J~ (k~_r)~pi. , ,q~} (2 .12)  

The Compton  s c a t t e r i n g  i s  g iven  by  (2.7), w h e r e  co=co_. In t h i s  c a s e ,  s i n c e  co<cot bu i ldup  is  p o s s i b l e  
only  in the  p r e s e n c e  of waves  with n e g a t i v e  k z.  It is  e x p o n e n t i a l l y  s m a l l  by  v i r t u e  of v 0 > u e (with account  
fo r  only  the  r e s o n a n c e  t e r m  in (2.7)). The  e s t i m a t e  of the  m a x i m a l  e x c i t a t i o n  i n c r e m e n t  of t he  o r d i n a r y  
c y c l o t r o n  wave  fo r  dominan t  Compton  s c a t t e r i n g  by the  b e a m  e l e c t r o n s  has  the  f o r m  [the l a r g e s t  t e r m  in 
(2.7) s a t i s f y i n g  the  cond i t ion  co2+kzv0 + vt~2 ~-0 is  r e t a i n e d ]  

] / ~  kzVo--vo~2 W ~ A~,([~{) n~ (o ~ (_~)~ {m~ ~(r 
~'k,max ~ 4 I kz [ ue noTe " A,~, ([~1) n~ "r \ - -~e/  ~ (2.13) 

H e r e  we a s s u m e d  ~2 << kzv0<< v0k t tg  0 .  

Th i s  e s t i m a t e  was  ob t a ined  at  the  l i m i t  of s a t i s f a c t i o n  of (1.6), i . e . ,  f o r  0 ~0  max ;  W l  is  the  e n e r g y  
of the  k waves  in a n a r r o w  r a n g e  of ang l e s  a r o u n d  0 m a x .  

2. Shor t  W a v e s ,  /~l >> 1. We s h a l l  u se  (1.3). Then fo r  the  wave  with f r e q u e n c y  co=co_ #<< 1. F o r  the  
wave  with f r e q u e n c y  co= co+ we s h a l l  a l so  a s s u m e  th i s  i nequa l i t y  i s  s a t i s f i e d .  In th i s  c a s e ,  in v iew of/~1>> 1 
we have  k t >> k, i . e . ,  f o r  the  v i r t u a l  wave  k 2 ~ - k t ,  a n d i n  (1.14)-(1.16) we m u s t  se t  0 2 = 7r/2, ~2 = 7r. Us ing  
(1 .10)-(1 .12) ,  (1 .14)-(1 .16) ,  we ob ta in  

A (~) (k, kl) = + z -~- ~ - - ~ 2  4.~me L co~ t 33 t 11 - -  

k.[ , . ,  ] (2.14) 

(02 D [ ( N ~ - - e ~ * ) ( N ~ - - N  ~ " 

o)~ D [ -  ig (N~ ~ --- N~+~)]x~, - -  e ~  (N~ ~ =- N~+ ~) ]v~] (2.15) 

4~i 1 

g~ I D e ~  (N~? - -  N~+~)(N~ ~ - -  N~_~), N~+ ~ : e ~ ,  N~_ ~--- e ~  - -  ex~ 
(2.16) 

C o m p a r i s o n  of (2.14) and (2.15), (2.16) m a k e s  i t  p o s s i b l e  to conc lude  tha t  the  f i r s t  t e r m  in (2.14) i s  
2 2 r e m a i n s ) ,  d e t e r m i n e d  by  s c a t t e r i n g  t h rough  the  v i r t u a l  o r d i n a r y  wave  (a d e n o m i n a t o r  of the  f o r m  N2-N2+ 

whi le  the  s e c o n d  t e r m  is  d e t e r m i n e d  by  s c a t t e r i n g  t h rough  a c o m b i n a t i o n  of the  v i r t u a l  e x t r a o r d i n a r y  wave  
and the  v i r t u a l  l ong i tud ina l  wave  (if such  can be  iden t i f i ed ) .  

In the  g e n e r a l  c a s e ,  we r e t a i n  f r o m  the e n t i r e  sum the  t e r m  which  i n c l u d e s  e t ~ ( k l ) - l ,  s i n c e  th i s  
i n c l u d e s  the  t e r m  with  the  r e s o n a n c e  d e n o m i n a t o r  col-v0~2. Tak ing  into account  the  d i s p e r s i o n  equa t ion  fo r  
the  o r d i n a r y  c y c l o t r o n  wave ,  we can w r i t e  

A(~)(k, kl) = 
O, z - -  ~ me(0 1 o~22 N~ ~ __ N2_,_2 (2--~) ~ ' X - ~  k to ] v 

The Compton  s c a t t e r i n g  is  de f ined  by  (2.7). 

Iden t i fy ing  in (2.17) the  r e s o n a n c e  t e r m  and c o m p a r i n g  with  (2.17), we conc lude  tha t  the  Compton  

s c a t t e r i n g  m e c h a n i s m  is  de f in i t i ve  p r o v i d e d  

(01 - -  ~ . N2 2 --  N~.~ (2.1 8) 
~ N~ 

Since  (col- v0~2)/~2 << 1 ( s a t i s f a c t i o n  of t h i s  cond i t ion  is  what  p e r m i t s  c o n s i d e r i n g  p r o p a g a t i o n  of the  
c y c l o t r o n  h a r m o n i c )  and the  k~ wave  is  v i r t u a l  and not the  a c t u a l l y  p r o p a g a t i n g  o r d i n a r y  wave  (only fo r  
which  is the cond i t ion  N22 = N2+~ s a t i s f i e d ) ,  then  (2.18) can  be c o n s i d e r e d  m e t .  
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In th i s  c a s e  the  e s t i m a t e s  f o r  t he  o r d i n a r y  c y c l o t r o n  wave  g e n e r a t i o n  i n c r e m e n t s  c o i n c i d e  with the  
e s t i m a t e s  fo r  Pl  << 1 wi th  s a t i s f a c t i o n  of t he  s a m e  bui ldup  cond i t ions  ( r e m a r k s  c o n c e r n i n g  (2.10)) and a r e  
g iven  by  (2.9), (2.11) fo r  t r a n s f o r m a t i o n  of t he  q u a s i l o n g i t u d i n a l  wave  with f r e q u e n c y  o~=w+ and by (2.13) 
f o r  t r a n s f o r m a t i o n  of the  wave  with  f r e q u e n c y  ~o=~_ with  accoun t  fo r  the  f ac t  t ha t  

A~,(~i')/A~o ( ~ ) ~ v ~ l u ~  for ~ l ~ ,  ~ l ' ~ t  

3. EXCITATION OF QUASILONGITUDINAL CYCLOTRON WAVES 

From the equation for the extraordinary cyclotron wave 

811 (ki)/Zi 2 - -  811 (kl)822 ()~1) - -  8i2 ~ (kl) ~ 0 (3.1) 

f o r  nl 2 >> e22(kl)+ e 122(kl)/e l l(kl)  we can  ob ta in  the  equa t ion  f o r  the  q u a s i l o n g i t u d i n a l  c y c l o t r o n  wave  

~o (3.2) 
~ii (ki) - ~ ~ ~ z~Az (~) co~ - 0 

l~--oo 

F o r  a f r e q u e n c y  o) 1 which  is  c l o s e  to v0~, n e g l e c t i n g  ion mo t ion ,  we have  (the r e s o n a n c e  t e r m  and 
t e r m s  with  l =:~1 a r e  r e t a i n e d )  

( o ~ -  Vo~ Arc @~) [ ~ 2 A~ (~) ]-~ (3 .3 )  
~0~ ~ ~i ~--'~o ~ - ~  ~i 

F o l l o w i n g  a r e  the  r e s u l t s  of c a l c u l a t i o n s  of the  n o n l i n e a r  e x c i t a t i o n  i n c r e m e n t s  of t h e s e  w a v e s  fo r  
d e n s e  and l o w - d e n s i t y  p l a s m a s .  

1. D e n s e  P l a s m a ,  q >> 1. It fo l lows  f r o m  (3.3) tha t  p r o p a g a t i o n  of q u a s i l o n g i t u d i n a l  w a v e s  wi th  f r e -  
q u e n c i e s  which  a r e  m u l t i p l e s  of t he  e l e c t r o n  c y c l o t r o n  f r e q u e n c y  is  p o s s i b l e  in a d e n s e  p l a s m a  only fo r  
#~ << 1 [for p t ~ 1 t he  wave  f r e q u e n c i e s  a r e  f a r  f r o m  ~0~, which c o n t r a d i c t s  t he  a s s u m p t i o n  adop ted  in d e -  
r i v i n g  (3.3)]. F o r  #1 << 1, as  in the  c a s e  of the  o r d i n a r y  c y c l o t r o n  wave ,  we can  u s e  (2.4), (2.5) and a s s u m e  
tha t  n o n l i n e a r  s c a t t e r i n g  by  the  v i r t u a l  l on g i t ud ina l  wave  t a k e s  p l a c e .  

I t  can  be shown tha t  in t r a n s f o r m a t i o n  of t he  wave  with f r e q u e n c y  w=~0+ into the  q u a s i l o n g i t u d i n a l  
c y c l o t r o n  wave  C o m p t o n  s c a t t e r i n g  i s  dominan t  and i s  de f ined  by  the  e x p r e s s i o n  

0~ ~ k A(~)(k, k i ) =  t ie: ~,5(o)~--k~v~-y~)J,(k~r)(o~_v~_p. ~ X ( k = ~ - i m ~ _ v . q  ul (3.4) 
(2~) ~ k m  e 

v 

Reta in ing  the  r e s o n a n c e  t e r m  in the  s u m  (3.4), we w r i t e  the  e x p r e s s i o n  f o r  the  n o n l i n e a r  i n c r e m e n t  

2 V ~  Line ~ "4q --" k~ I k~ I l ve 

§ ~o~ - -  kz~o -4..o ( .~ ')  - (co - ~o)~l 
~e ~ n l ~  exp 2--~y~,, 7 j (3.5) 

If bu i ldup  t a k e s  p l a c e  ( r e m a r k  to (2.10), (2.11)), t he  m a x i m a l  i n c r e m e n t  has  t he  e s t i m a t e  

]/'2-~ nl W l OL'~ A~o (~{) (3 .6 )  
Tkimax "~" 4 n-~ noT e' vo~ ~tl "Av, (~i) 

o) -- kzv o ~ kzue, kl~ue 2 ~ Vo~ ~ 

C o m p t o n  s c a t t e r i n g  a l s o  d o m i n a t e s  in t r a n s f o r m a t i o n  of the  wave  with  f r e q u e n c y  o)=o)_ into the  q u a s i -  
l o n g i t u d i n a l  c y c l o t r o n  w a v e .  The  e s t i m a t e  fo r  the  m a x i m a l  i n c r e m e n t  has  the  f o r m  at t he  l i m i t  of s a t i s -  
f a c t i on  of (1.6) 

Tk ..... x ~ 4 n---o no t  e" Di . T v o .  ~oQ ! kz I ue Avo 0 tl) 

((% + k,Vo + ~f~ ~ O) 

2. N o n d e n s e  P l a s m a ,  q<< 1. P r o p a g a t i o n  of q u a s i l o n g i t u d i n a l  waves  with f r e q u e n c i e s  c l o s e  to the  
h a r m o n i c s  of the  e l e c t r o n  c y c l o t r o n  f r e q u e n c y  is  p o s s i b l e  f o r  both  # 1 << 1 and #1 >> 1. 
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In the case  #l<< 1 fo r  eli(k2) we can use  Eqs .  (2.4) and a s s u m e  that  non l inea r  s ca t t e r i ng  takes  p lace  
t h rough  the v i r tua l  longitudinal  wave.  

Nonl inea r  s ca t t e r i ng  of the wave with f r equency  (1.5)co=co+ is defined by the quant i ty  

A(~) (k, k~) = ie~ k~Q k J - - ( k x +  ikv) k~ ~ J . ( k ~ l r )  6(~ % - -  k~zV z - - ~ ) e x p i ~ q ~ l  (3.8) 
(2n)~rnek ~ sin~ 0 [ k - -  k~ ]'~ v 

H e r e  it is a s s u m e d  that  

o~k~_kL ~ k~ ~ (o) ~ - -  ~ ) ,  k~* ~ k? q (% - -  t) ~ 

E x p r e s s i o n  (3.4), in which co ~ 2 ,  r e m a i n s  val id  f o r  C ompton s ca t t e r i ng .  

F o r  both this  wave and the wave with f r equency  co=co_, by  v i r tue  of the inequal i ty  r v0~ in the 
case  of the i r  s ca t t e r i ng  with t r a n s f o r m a t i o n  into e l ec t ron  cyc lo t ron  waves ,  buildup of the l a t t e r  is poss ib le  
only in the p r e s e n c e  of waves  with negat ive  k z. Account  f o r  only the r e s o n a n c e  t e r m  in (3.4) leads  to an 
exponent ia l ly  s m a l l  buildup i n c r e m e n t .  T h e r e f o r e ,  we mus t  eva lua te  the  cont r ibut ion  of the r ema in ing  
t e r m s  in (3.4) and (3.8) to the non l inea r  i nc r emen t .  The c o r r e s p o n d i n g  e s t i m a t e  shows that  the m a i n  con-  
t r ibu t ion  is made  by the l a r g e s t  t e r m  in (3.8), sa t i s fy ing  the condit ion co2+kzv0-Pl  .q ~0 (for k z u e / ~  <<1). 
The e x p r e s s i o n  fo r  the  non l inea r  i n c r e m e n t  f o r  s ca t t e r i ng  of longi tudinal  waves  with co=co+ has  the  f o r m  

;no , ".,(.,) --.o__: + (3.") 

We have a s s u m e d  that  

klr177 (kzvop 
k2 4 O)Lasina O ~> {[ 

F o r  the e s t ima te  of the m a x i m a l  i n c r e m e n t  we obtain 

1/-2"~ nl W I Av~(l~l') kl ~ ((ol--Vo~) ~ kzvo--vo~ (3.10) 
~'k'max ~ ~ ~00 nots" AVo (~1) [ k - -  kl I ~ ~tl ~ ] ~z~-U~" 

F o r  k z u e ~  ~ 1 s e v e r a l  t e r m s  in (3.8) make  the s a m e  cont r ibut ion  to ~k,. 

S imi la r ly ,  f o r  s ca t t e r i ng  of the wave with f r equency  to= co-, re ta in ing  the l a r g e s t  t e r m  in A (2), we ob-  
ta in  the e s t i m a t e  f o r  the m a x i m a l  i n c r e m e n t  (for kz 2 >k• 

~'~'~ nl W l kl~k ~ A~,(~I') (O)l--VoQp k~Vo--V,gt (3.11) 
'i'kmlax~" ~ no n o t  s" I k - - k l [  ~ ~1 Av~(i~1) q%)1 [kz[Ue 

By ana logy  with Section 2.2, f o r  P i >> 1, k I >> k, i .e . ,  k 2 ~ - k i ,  f o r  both the wave with f r e q u e n c y  co=co+ 
and the wave with f r equency  c0=co_. In the gene ra l  c a s e  the  non l inea r  s ca t t e r i ng  p r o p e r  is defined by the 
quant i ty  

A(2)(k'kl)----- + k o)/ o)~--~i" 4nm~ 

§ It ~ / ' ~ . 2  I.viI ( k l ) -  J) E~k, \ o) o ) ~ " ~  ~ 4nme J k o~2 4rim e (3.12) 

H e r e  Esk2 a r e  given by (2.15), (2.16). 

E x p r e s s i o n  (3.4) holds f o r  Compton  sca t t e r i ng .  Buildup is poss ib l e  only in the p r e s e n c e  of  waves  
with negat ive  kz,  whe re  account  f o r  the r e s o n a n c e  t e r m  in (3.4) leads  to an exponent ia l ly  sma l l  i n c r e m e n t .  
The p r i m a r y  cont r ibut ion  will  be made  by the l a r g e s t  t e r m s  in (3.4) and (3.12), sa t i s fy ing  the  condit ion 
cos+kzv0+ ul~ ~0 f o r  kzue/~2 << 1. 

If the  v i r tua l  wave is longitudinal ,  i .e . ,  N22 >> N 2 :  , N2.. 2, then  A (2) has  the f o r m  (neglect ing ~ It (e) (k 2) - 1 
by v i r tue  of the r e s o n a n c e  de nom i na t o r  in e 11.(e) (k 1 ) -  1 and as suming  e 11 (e) (kt) -_ 0) 
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(o~ ~ ~ (2n)araeeXl (k2) . .~-z  5(o)~--k~,oz+vQ)d,(k~• (3.13) 

C o m p a r i s o n  of the  l a r g e s t  t e r m s  in (3.4) and (3.13) l e a d s  to  the  conc lus ion  tha t  n o n l i n e a r  s c a t t e r i n g  

d o m i n a t e s  if  

(~ - ~ ) ~  (k~) < k~Vo ~ (k~v0 > ~) 

The maximal increment estimate for scattering of waves with frequencies w=co+, co=co- is 

V~-~  nl W l v e ~1 (O)I--VOQ) 2 kgV0--'Vo~"~ 

H o w e v e r ,  f o r  a u n i v a r i a t e  d i s t r i b u t i o n  k = k z fo r  t he  wave  with f r e q u e n c y  co=co_ the  s c a t t e r i n g  i s  c o m -  
p l e t e l y  de f ined  by  the  l a s t  t e r m  in (3.12). F o r  the  wave  with  f r e q u e n c y  w=co+ th i s  ang le  span  is  e x c l u d e d  

f r o m  c o n s i d e r a t i o n ,  s i n c e  w + ~  as  0 ~ 0. 

F o r  c o m p a r i s o n ,  we w r i t e  the  cond i t ion  f o r  d o m i n a t i o n  of n o n l i n e a r  s c a t t e r i n g  if it  t a k e s  p l a c e  t h r o u g h  

the  v i r t u a l  o r d i n a r y  wave;  A (2) has  the  f o r m  

A (~) (k, k~) ~ .  (2n)~kmeo)~ N~__ N2+2 

and n o n l i n e a r  s c a t t e r i n g  p r o p e r  d o m i n a t e s  if 

N2 ~ ~ co ks  N~ ~ --  N~+~ ~ (k~T0)3 ~ I k - -  kl ]~c 2 (k,Vo ~ Q) (3.16) 

4 .  S O M E  E S T I M A T E S  

L i m i t i n g  o u r s e l v e s  to  t he  c a l c u l a t i o n s  p r e s e n t e d  above  fo r  the  n o n l i n e a r  e x c i t a t i o n  i n c r e m e n t s  of t he  
o r d i n a r y  and q u a s i l o n g i t u d i n a l  c y c l o t r o n  waves  (the e x p r e s s i o n s  fo r  t he  e x t r a o r d i n a r y  c y c l o t r o n  w a v e s  a r e  
not  p r e s e n t e d  b e c a u s e  of t h e i r  c o m p l e x i t y ,  p a r t i c u l a r l y  s i n c e  f o r  ~<< th << 1 the  c o r r e s p o n d i n g  e x t r a o r d i n -  
a r y  wave  b r a n c h  b e c o m e s  p l a s m a  waves ) ,  we note  the  fo l lowing  c h a r a c t e r i s t i c  f e a t u r e s  of the  n o n l i n e a r  

c y c l o t r o n  wave  g e n e r a t i o n  m e c h a n i s m .  

E x c i t a t i o n  of c y c l o t r o n  w a v e s  is  p o s s i b l e  in both d e n s e  and nondense  p l a s m a s .  In the  d e n s e  p l a s m a  
g e n e r a t i o n  can  s t a r t  e i t h e r  a f t e r  s e v e r a l  c y c l e s  of n o n l i n e a r  t r a n s f e r  of the  q u a s i l o n g i t u d i n a l  w a v e s  e x -  
c i t ed  by  the  b e a m  a c r o s s  t he  s p e c t r u m  t o w a r d  s m a l l e r  k, when the  cond i t ion  co-col -kzv0  > 0 b e g i n s  to  b e  
s a t i s f i e d ,  o r  a f t e r  i s o t r o p i z a t i o n  of t he  q u a s i l o n g i t u d i n a l  w a v e s  b e c a u s e  of d i f f e r e n t  n o n l i n e a r  i s o t r o p i z a -  
t ion  m e c h a n i s m s .  The  o r d i n a r y  w a v e s  a r e  e x c i t e d  m o r e  i n t e n s e l y  [ c o m p a r e  (2.11) and (3.7) fo r  p~ << 1]. 
H o w e v e r ,  we note  tha t  t he  i n c r e m e n t s  wi l l  be  qu i te  l a r g e  only f o r  s c a t t e r i n g  of w a v e s  with co=~0+ and s a t i s -  

f a c t i on  of the  cond i t i ons  

o 1 " ~  kzue  . ~  kzv  o ~ O)L - -  0~1, o l  ~ Vo~ ~ (OL (4.1) 

Thus ,  in the  d e n s e  p l a s m a  the  f i r s t  h a r m o n i c s  of t he  e l e c t r o n  g y r o f r e q u e n e y  a r e  e x c i t e d  m o s t  i n -  
t e n s e l y .  The  e x c i t a t i o n  i n c r e m e n t  of t h e  h i g h e r  h a r m o n i c s  (col >>kzue) i s  s e v e r a l  o r d e r s  s m a l l e r ,  and e x -  
c i t a t i o n  of t he  f r e q u e n c i e s  u0~ >~0 L i s  p o s s i b l e  only in the  p r e s e n c e  of n e g a t i v e  k z and i s  a l s o  s e v e r a l  o r -  
d e r s  s m a l l e r  than  (2.11). S i m i l a r l y ,  e x c i t a t i o n  of t he  e l e c t r o n  c y c l o t r o n  h a r m o n i c s  fo r  s c a t t e r i n g  of w a v e s  
wi th  co =co_ i s  p o s s i b l e  only  in t he  p r e s e n c e  of n e g a t i v e  k z and in m a g n i t u d e  i s  s e v e r a l  o r d e r s  s m a l l e r  t han  

(2.11). 

In the nondense plasma only the quasilongitudinal cyclotron waves are excited. Their nonlinear ex- 
citation is possible in the presence of negative k z. It follows from the estimates (3.10), (3.11), (3.14), that 
this excitation is also several orders less intense than (2.11). 

Let us estimate the characteristic generation time for ordinary cyclotron waves for Pl >> 1 on the 
basis of (2.11). We set a)L~10~2, Ve~10-2Ue~10-3v0, W l~10-3n0Te, n i ~10-3n0, kIve~10~, kv0~ co L. 

In t h i s  c a s e  ~ k , m a x  ~ ~0  - 6  COL ~ ~0  - 4  s e e  - 1  f o r  no~1012 cm -3.  

H o w e v e r ,  we m u s t  r e c a l l  t ha t  n o n l i n e a r  g e n e r a t i o n  can  o c c u r  only a f t e r  n o n l i n e a r  t r a n s f e r  of the  
l ong i t ud ina l  w a v e s  e x c i t e d  by  the  b e a m  a c r o s s  t he  s p e c t r u m  in the  d i r e c t i o n  t o w a r d  s m a l l e r  k .  
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Let  us evaluate  the t ime  fo r  t r a n s f e r  f r o m  the va lues  kzv 0 ~ co to  the va lues  kzv 0 ~Lo2, i .e. ,  by  ~o-:o 2 = 
c~i~v 0 ~ .  In the c a s e  of t r a n s f e r  with ion s c a t t e r i n g  the e s t ima te  of the m a x i m a l  t r a n s f e r  i n c r e m e n t  has 
the f o r m  

V ~  w' T~ -~ 
Tkmax ~ ~ O ) L  ~(i-~- Ti / (4.2) 

fo r  t r a n s f e r  th rough  h o m  [ Ak~ ~ [ v , ~  v~r / v0 (for 0 ~1,  where  0 is the angle be tween  k l and k/i). 

F o r  W/~10-2n0Ti ,  Te  ~10Ti ,  v 0 ~10tvi  the t ime fo r  t r a n s f e r  th rough  co-:o 2 

Te \2 VO 8 noTi -X ( t - ~ - -  Vo - -  

is of the s a m e  o r d e r  as (2.11). 

The o the r  i n c r e m e n t s  d i s c u s s e d  above can be eva lua ted  s i m i l a r l y .  

Both o r d i n a r y  and quas i longi tudinal  waves  can be exci ted  in the dense  p l a s m a  fo r  #l  >> 1. In the non-  
dense  p l a s m a  only the quas i longi tudinal  waves  can be exci ted.  

As indicated above,  the l inea r  gene ra t ion  m e c h a n i s m  does not o p e r a t e  if the b e a m  e l ec t ron  d i s t r i -  
but ion funct ion is Maxwell ian;  fo r  t r a n s v e r s e  ve loc i ty ,  d i s t r ibu t ion  in the f o r m  of the 6- funct ion  exci ta t ion  
of the cyc lo t ron  h a r m o n i c s  is m i s s i n g  f o r  k < 1 [3-5]. 

F o r  c o m p a r i s o n  we wr i te  the e x p r e s s i o n  fo r  the non l inea r  o r d i n a r y  e l ec t ron  eye lo t ron  wave g e n e r a -  
t ion i nc r emen t  fo r  s c a t t e r i n g  of quas i longi tudina l  waves  with 

~2 
.~ COL + ~ s in  ~ 0 ~"L 

by beam e l ec t rons  with the d i s t r ibu t ion  funct ion 

)t o (V) ~-~ n 1 (2yC)-V~ (Vs --  VOA_) exp -- (vz -- v0) ~ 
2ue~ 

[assuming,  as in obtaining (2.9), that  Compton  s ca t t e r i ng  is dominant ,  and re ta in ing  the r e s o n a n c e  t e r m  in 
(2.7)]. In this  c a s e  the p l a s m a  e lec t ron  cont r ibut ion  to 7k, is exponent ia l ly  smal l .  

V ~  nl t (0L5 kl s (' ~dk sin:' 0 -- (co -- kzvo)' 
7kl ~ 8 no note" ~olQ 2 Av 0 (Fh) 3 ~k (2n) ~ I G I ~ exp 2G' ud 

[ (4.3) • 2J~o (~.) Y~0' (%) v0 %• u~ 

Hence  we see  that  7k~ changes  sign when the quant i ty  k p a s s e s  th rough  the  roo t s  of the e x p r e s s i o n  
in the b r a c e s ,  i .e. ,  r anges  of s tabi l i ty  and ins tab i l i ty  a r i s e ,  a s soc i a t ed  with the f o r m  of the t r a n s v e r s e  
ve loc i ty  d i s t r ibu t ion  function,  as in l inea r  t heo ry .  

The author  wishes  to thank V. N. Tsy tov i ch  fo r  pos ing  the p r o b l e m  and fo r  m a n y  d i s cus s ions  of the  
ques t ions  touched upon in the a r t i c l e .  
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